onto N, which is known to be an analytic diffeomorphism and log: N~91 will denote the analytic diffeomorphism inverse to exp. We recall that the center of N is connected and simply connected. Since a connected and simply connected abelian Lie group has a natural translation invariant convex structure, we may define a subset S of N to be C-convex if its intersection with every coset of the center C(N) of N is convex or in other words if x-l(Sc~xC(N)) is a convex subset of C(N) for every x E N.
The support of a function will mean the set of points where it is non-zero (this is a departure from the usual usage). When we say a function has compact support, we mean that its support is contained in some compact set (this is the usual usage). Suppf will denote the support of f, a complex valued Coo function. Z will denote a central one parameter subgroup of N, and x will denote a generator of the Lie algebr~ of Z. Thus x is a biinvariant vector field on N. We denote a Haar measure on Z by dp(z). If f is a Coo function of compact support on N then f will denote the function on N/Z defined by f(xZ)=~f(xz)dp(z). z We note that if f =0 then there is a Coo function u of compact support on N such that x u =f. We denote the natural projection of N onto N/Z by n and remark that the inverse image under n of a C-convex subset of N/Z is C-convex. P will denote a biinvariant differential operator on N. We shall identify the algebra of left invariant differential operators on N with the complexified universal envelopping algebra U(91) of 9l. Following Tr6ves [10], we say that a subset S of N is P-full if whenever Pu=f is a C ~~ function of compact support whose support is contained in S, and u has compact support, then the support of u is contained in S. Since P is biinvariant, any (left or right) translate of a P-full set is P-full. A C-convex set is x-full for any biinvariant vector field x.
A C oO function f on N will be called Z-invariant if f(xz)=f(x) for all x~N and all z e Z. When P is biinvariant differential operator on N, then the action of P on Z-invariant functions defines a differential operator on N/Z, denoted P. By "differentiating under the integral", we have P~=P~ for a Coo function u of compact support on N.
We begin with some preparatory lemmas. The Poincare-Birkhoff-Witt theorem now implies that C(al,a2 ..... an, k)=O whenever k = 0 so that we may write
Now suppose D is biinvariant and let pg denote right translation by g e N. We then have 4~ is a non-zero function on Z of compact support so xq~ is non-zero of compact support on Z. But xu(xz)=x~b(z) so xu is not identically zero on xZ so n(x) ~ supp xu.
Proof. Let (u(x)) -f(n(x)) ~ b(x z(a(n(x) ))-~) d#(z)
Let f be a function of compact support on N whose support is contained in L.
Let Pu =f, where u is also a function of compact support. Define inductively u 0 = u and u, + a = u~, 9 We have it supp P u. + 1 = n supp P u~. = n supp ~ P u~, = n supp P xu~.=nsuppPu*cnsuppPu.wsuppfi,. If nsuppPu,~K then suppfi,~K since then K=suppP"h.=suppPfi, and K is P-full. Therefore if nsuppPu,=K then nsuppPu.+ 1 =K and also suppfi.cK. But nsuppPuo=K so by induction on n we have nsuppPu,=K and suppfi.cK, for all n. Therefore q~o-0 and ~bo-0. Therefore u(xz)=O for all z and xCsuppu. QED.
Theorem 1. Let P be a non-zero biinvariant differential operator on a simply connected nilpotent Lie group N. Then any compact set of N is contained in a compact C-convex P-full subset of N.
Proof. The proof is by double induction on the dimension of N and the degree of P, the assertion being trivial if the dimension of N or the degree of P is < 1. We, therefore, suppose the theorem true whenever the dimension of the nilpotent group is < n = dimN or the degree of the operator is < p = degree P.
If Z is a one parameter central subgroup of N, the action of P on Z-invariant functions gives rise to a differential operator P on N/Z satisfying Pf(x) =Pf(n(x)) whenever f(x)=f(Tr(x)) where f is a function on N/Z and n: N~N/Z is the natural projection. If P-0 it follows from lemma 1 that P = x o P1 where x is a generator of the Lie algebra of Z and P1 is a biinvariant operator on N. Since degree P1 =p-1 any compact set of N is contained in a Pt-full compact C-convex subset K of N which is also z-full since this is the case for any Cconvex subset of N. Now if Pf=u where f and u are compactly supported functions on N with supp u c K, then P f= x o ['1 f= u so P1 f is supported in K since K is z-full and f is supported in K since K is Pa-full. Thus the induction is valid whenever P annihilates all Z-invariant functions. Thus we can assume that whenever Z is a one-parameter central subgroup of N, the differential operator P on N/Z induced by the action of P on Z-invariant functions is non-zero and, therefore, by inductive hypothesis that any compact subset of N/Z is contained in a P-full compact C-convex subset of N/Z.
The remainder of the proof is divided into two cases, viz.
Case I. The center of N has dimension 1. Case 2. The center of N has dimension >= 2.
We deal with Case 1 first. Let Z be the center of N, and let x be a generator Case 2. The center of N has dimension greater than 1. Let x 1 and x 2 be vectors in the center of 91 which are orthonormal for a Euclidean metric p on 9l. Let Z 1 =exp~x~ respectively Z2=expRx2, and let nl respectively rt 2 be the projections of N on N/Z~, respectively N/Z 2. Also let /'1 respectively P2 be the differential operators on N/Z~ respectively N/Z 2 induced by the action of P on Zl-invariant respectively Z2-invariant functions on N. We can assume that neither '~ nor P2 is the zero operator. Let K be a compact subset of N. Then n~(K) and r~2(K ) are compact subsets of N/Z 1 and N/Z 2 and by inductive hypothesis we can choose FI=n~(K) and F2~rc2(K ) such that F i is a P~-full compact C-convex subset of N/Z~. Then n~-a (F~) is a C-convex P-full subset of N for i= 1, 2 by Proposition 1 and, therefore, Q=rc-{l(FOnn~l(F2) is a C-convex closed P-full subset of N containing K.
We assert Q is compact, or equivalently that logQ is compact. Let p~ and P2 be the Euclidean metrics induced by p on 911 ~x~ and 912----x2 ~, the Lie algebras of N/Z 1 and N/Z 2. We can find a real number r such that the p~ distance of log F i from the origin of 91i is ~ r for i = 1, 2. Then if v e log (n~-1 (F 0 n rt~ 1 (F2)) 
